The far-field scattered in the infrared by an arrangement of metallic structures deposited on a dielectric wafer is estimated in this paper. The scattering is modelled by using operators that describe the far field obtained under the regime applicable for the Babinet's principle in its vectorial approach and the Stratton-Chu approximation. The farfield scattered by an arrangement of thin gold layers over a dielectric wafer under infrared illumination is computed. The model assumes a normally incident vectorial Gaussian beam focused over the arrangement plane. An angular spectrum decomposition of the field is done. Then, every plane wave is scattered by the whole structure: arrangement + substrate layer. The reflexions in the substrate layer and the arrangement action have been taken into account in an operator formalism. Numerical results estimating the influence of substrate thickness on the pattern are obtained. Ó 2004 Published by Elsevier B.V.
Introduction
Novel devices and concepts, as frequency selective surfaces or antenna-coupled detectors in the infrared, are being developed by writing metallic structures with spatial dimensions in the wavelength range, on dielectric wafers [1] [2] [3] [4] . For the infrared, Si wafers are intensively used because of its availability and transparency above k ¼ 9:7 lm. These Si wafers may be two-sides polished allowing a substrate-side incidence [5] . At the same time, the presence of two plane surfaces with optical quality on both sides of the wafer makes possible to observe interference effects. Therefore, the back surface (we name front surface to that one containing the metallic structures, the back surface is the other one) is playing a role that should be considered more in detail. The analysis of frequency selective surfaces made by numerical method has been focused in the computation of the spectral changes produced by the metallic structures [6] . In order to gain insight on the relation between geometry and selective behaviour, some other parameters or effects have been neglected. One of these effect is the influence of the substrate thickness on the radiation reflected by the structure. Codreanu and Boreman [7] analyze the effect of the dielectric substrate and the ground plane location for microstrip antennas. In this paper we show a method to specifically analyze the effect of the substrate thickness on the spatial-frequency spectrum scattered by a metallic structure.
The size of the metallic structures analyzed in this paper is of the order of the wavelength. This is the reason why we will use the term scattering, or scatterers, to refer the effect of the interaction of light with these metallic structures in order to find the far-field pattern. Section 2 is devoted to a detailed explanation of the proposed method where the successive reflections and scatterings are described by an operator formalism. In Section 3 we obtain the form of the involved operators. Our approach is based on the Babinet principle applied in its vectorial form [8] . The Stratton-Chu approximation will be also used to analytically evaluate the scattered field when inciding with actual vectorial beams on wavelength-sized metallic structures [9] . The necessary conditions to apply these approximations are discussed before applying it to actual structures in Section 4. In Section 4 we have obtained the far-field pattern for a typical case of interest where an arrangement of five metallic squares is illuminated by an infrared Gaussian beam. The incoming beam is also modelled in this section. After checking the fulfilment of the necessary hypothesis we apply the formalism to a simple case as an example. The far-field patterns have been obtained by numerical calculation using the method presented in this paper. The dependences of these patterns with the thickness of the wafer, and with the spatial content of the incoming beam, are analyzed. Finally, Section 5 summarizes the main conclusions and results of this paper.
Operator method to model the effect of the finite substrate
The description of the successive scattering processes produced by microlithographic elements written on a finite-thickness wafer is made in this paper by using an operator formalism. The main idea is to establish a correspondence between a single scattering or reflection process with a mathematical operator applied to the incident field. Then, the complicated interaction between the beam and the structure can be decomposed into easier problems. By taking only the most relevant ones, it is possible to obtain a useful insight of the whole problem. Fig. 1 shows an arrangement of metallic scatterers on a finite dielectric substrate. A beam impinging on the structure is reflected and scattered by it. When considering the successives reflection and scattering events, theẼ field observed on a plane located above the arrangement can be expressed as:
whereẼ 0 is the unperturbed field, i.e., the field in absence of any arrangement. It can be obtained from the incident beam.Ẽ s is the scattered field above the arrangement plane. The total field on that plane is the sum of both. As we can see from 
We can represent the scattering action of the arrangement on the electric field as an operator, applies to the electric field inciding on the arrangement and produces the reflected or transmitted scattered field. In the same way, the reflection by the back side of the substrate (see Fig.  1 ) can be also described by an operator, R, applied to the incident field and producing the reflected field by the back side interface.
By using these operators it is possible to compute the contributions toẼ s . For example, the first term is given as: 
All these contribution can be summarized to obtain the total field above the scatterers plane as follows:
where the operatorÛ À is defined by the following equation:
The influence of the finite substrate in the scattered field is included in R operator andẼ 0 field, which is computed previously and without the scatterers array by using the incident beam, and taking into account the presence of the finite substrate.
Construction of the K and R operators
In order to obtain the scattered field we first need to know the actual form of the operators involved in the calculations. We will base their construction on some physical principles properly justified. We have used a vectorial diffraction integral to precise the mathematical form of the K 1;2 operator [8] . To define the reflection operator, we carry out a plane-wave decomposition of the incident electric field [10] . Then, each plane-wave component is reflected. This approach produces an equation relating the incident field and the reflected one: the R operator.
The K operator
When the depth of penetration is much smaller than the thickness of the metal layer, we may assume that the metal behaves as a perfect electric conductor. This approximation simplifies the analysis made in the following sections and it will be properly justified. Moreover, when the metal thickness is far less than the wavelength of the electromagnetic radiation, then the metal structure can be taken as a thin layer with zero thickness. Under these approximations, the far-field scattered by an array of metallic structures deposited on a substrate can be computed making use of the vectorial diffraction integral and the Babinet principle [8] .
The calculation begins applying the Babinet principle to the original problem, solving the complementary problem, and retrieving the initial one. The Babinet principle relates the electric and magnetic fields in the complementary (denoted with a c subscript) and original problems as follows [8] :
where v is the speed of light in the medium. On the other hand electric and magnetic fields obey the transversality condition in the far field:
where Z is the impedance of the medium, andũ is an unitary vector along the direction of propagation. Finally, to calculate the solution in the far-field range we apply the far-field form of the Green's propagator into the diffraction integral [8] ,
whereñ is an unitary vector perpendicular to the interface, andk ¼ ðk x ; k y ; k z Þ is the wave vector in the medium. The ± denotes the forward or backward propagation. Introducing Eq. (10) into Eq. (8) and making use at the same time of Eq. (9), we obtaiñ
ÂB incident e Àiðk 1x xþk 1y yÞ dx dy
where k 1 and k 2 are the wavenumbers of the radiation in the media where the incident field and the scattered field are propagating, respectively. In this last equation r is the distance from the observation point to the coordinate origin, placed in the center of the complementary aperture, r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
(we assume that the integration is made on the z ¼ 0 plane),ũ is a unitary vector pointing out in the same direction asr, andB incident is the magnetic field associated toẼ incident . Finally, C is a constant defined as
where l 0 is the magnetic permeability in vacuum, and k is the wavelength in the medium where the scattered wave is travelling to. This last equation allows to define a scattering amplitude as follows:
The squared modulus of this function will be represented in the last section of this paper to describe the effect of the operators defined here. In this section, the most stringent assumption that we have employed to obtainẼ scattered is that the total tangential electric field in the plane of the complementary aperture is replaced by the tangential component of the incident electric field:ñ
In the complementary apertureñ is the normal to the aperture and the termñ ÂẼ represent an equivalent current. This approximation means that the total equivalent electric current in the aperture can be replaced by the equivalent current induced by the incident field. This is known as the Stratton-Chu approximation. The relation fails if the lateral dimension of the aperture is close to the wavelength. However, for rectangular apertures, the Stratton-Chu approximation is correct even for dimensions of the order of the wavelength [9] , and this is the case we are interested in.
The R operator
The R operator applies to the incident field on the interface between two media of different index and produces the reflected field. The geometry of the problem is shown in Fig. 2 . The plane-wave angular spectrum of the reflected beam is obtained after applying the reflection coefficients [11] to each one of the plane-wave components represented by its plane-wave spectrum,Ã inc . However, to properly reflect each one of them, we have to move from the original reference system to a ''local'' one, (see Ref. [12] , for example) by means of a rotation (see Fig. 3 ). Within the ''local'' reference system, the incident and reflected field are connected by the following reflection matrix,
where r ? is the reflection coefficient for perpendicular polarization and r k is the reflection coefficient for parallel polarization. By moving again to the original reference system,q becomeŝ 
where a is the angle formed by the XZ plane and the ''local'' incidence plane of each plane-wave of the field. After reflecting all the plane waves in the beam, we propagate them towards an observation plane of z ¼ constant, and add them to find the total reflected electric field in this plane:
ÁÃ inc e Àik z1 z e iðk 1x xþk 1y yÞ dk x dk y
where the R operator is defined.
Application of the method to a practical case
In this section we have computed the far-field behaviour of the scattered field in a z plane when a monochromatic Gaussian beam interacts with an arrangement of metallic scatterers located on the surface of a finite substrate. This arrangement is modelled as an example to prove the feasibility of the method. Larger structures with some other geometries and symmetries can also be analyzed by using the operator model described above.
To properly analyze this example we need a vectorial model for the beam inciding onto the array plane. A good way to manage with this problem is to obtain the angular spectrum of the field, and define it in the Fourier space. Once we have done this, evaluating the scattered field changes to an easier task if we truncate the Eq. (7) to a given order. Even by taking into account the lowest order reflection and scattering processes we may distinguish the effect of the finiteness of the substrate on the far-field pattern.
Fourier-space characterization of the beam
The scatterers are illuminated by a laser Gaussian beam, focused on the arrangement plane, and inciding normally. If we assume that the beam is linearly polarized with its field along the X direction, the component of the electric field along this direction is written as
where x 0 is the beam waist at the focus of the beam, and E x0 is the maximum amplitude at the beam waist. A monochromatic vectorial electric field in a homogeneous medium must satisfy the Helmholtz equatioñ
The solutions for this equation can be expanded as a superposition of plane waves as follows [10] Eðx; y; zÞ ¼ Z ZÃ ðn; g; zÞe ðikðn;gÞrÞ dn dg;
wherer ¼ ðx; y; zÞ, and n, g are the spatial frequencies associated with the plane-wave spectrum, Ã ðn; g; zÞ. This spectrum can be understood as the complex vector amplitude associated to the planewave travelling in thek direction, beingk defined bỹ
where k is the wavelength inside the medium. The evanescent waves occur when ðn 2 þ g 2 Þ > ð1=k 2 Þ. We will neglect the contribution of these evanescent waves in the conditions for the applicability of the method.
By using the Gauss's equation for the electric field,r ÁẼ ¼ 0, it is possible to obtain the following relation between the direction of propagation of the plane waves and the amplitude of the plane-wave spectrum, kðn; gÞ ÁÃðn; g; zÞ ¼ 0:
This condition means that all the plane waves must be transversal to its wave vector. This equation establishes a constrain between the three components of theẼ field. In our example, and without lack of generality, we will set the value of the E y component equal to zero (TM beam). Then, after applying Eq. (22), we obtain the z component of the plane wave spectrum as
being the beam completely defined in Fourier space. In Fig. 4 we have represented them squared modulus of the two non-null components of a Gaussian beam having E y ¼ 0 having a Gaussian width of 10 lm and a wavelength of 10 lm. The direction of propagation is Z. Please note that when normalizing the E x component to 1, the squared modulus of the E z component reaches a maximum value of only 2.2% of the maximum value of the squared modulus of the E x component.
Approximations to the field
The basic unit of the array of scatterers analyzed in this paper, as an example of the applicability of the method, is a squared thin gold layer with dimension 10 · 10 lm. The gold layer is 200 nm thick. The arrangement consists of five of these basic units located in a star configuration where the center of the scatterers are 20 lm apart along the X and Y directions. The substrate is made of silicon and corresponds with a two-sides-polished wafer. The thickness of the wafer is 300 lm. The illumination of the array is done with a CO 2 laser emitting at 10 lm. The electric conductivity [13] at these optical frequencies is r ¼ 2:6 Â 10 6 X À1 m À1 . Then, the penetration depth is obtained as
The silicon substrate is transparent in the infrared wavelength used in this paper. Therefore, the index of refraction [14] is a real number having a value of n ¼ 3:42. By using the previous conditions it is possible to evaluate the penetration thickness for the optical frequencies of a CO 2 laser emission at 10 lm. This penetration depth is d ' 0:06 lm. This value is much lesser than the thickness of the metallic structure that is about 0.2 lm. This means that, for the purpose of this paper, the metal can be taken as a perfect electric conductor. On the other hand, the thickness of the metallic structure is much lesser than the wavelength of the optical radiation. Then, the scatterer can be seen as a planar structure. Summarizing, we are dealing with a thin, planar, perfect electric conductor and the conditions under which the K and R operator are developed are fulfiled.
In the previous calculation we have found the structure of the operators involved in Eq. (7). An easy way of evaluating the field is to truncate the series until a given order. For example, the first and second order approximations have the following form,
whereẼ 0 is the unperturbed field, i.e., the field existing without any scattering structure. To begin the application of these operators we need the exact unperturbed tangential field on the plane of the scatterers. When inciding with the previously modelled beam the exact tangential field is the sum of the incident tangential field and the reflected tangential field. This can be expressed as follows,
and
The reflection operator for the layer,R, has the same form as the reflection operator for an interface, except for the reflection coefficients [11] , that in this last case takes into account the existence of the successive reflections on the wafer. Therefore, the influence of the substrate appears in the first order contribution already, because of the presence of theẼ 0 field.
Results
In the following calculation we have restricted our analysis to the first term of the series (Eq. (25)), which represents the most important contribution to the scattered field by the array. We compute the scattering amplitude,F , ofẼ s field to first order (see Eq. (13)). This approach makes sense because the scattered field has the following form:
This corresponds with the electric field at the far zone. The scattering amplitude,F , is a complex vector function containing all the information about how the energy is being scattered by the arrangement. This scattering amplitude can be derived after applying the U À 1 operator to theẼ 0 field. In this paper we have truncated the operator series until first order. Figs. 5-7 represent the jF j 2 value at z ¼ 300 lm from the plane where are placed the scatterers. This distance is far enough to use the far-field approximation. This approximation is fully complied if the following condition is fulfiled [10] :
where l is the characteristic size of the scatterer. In our case, after substituting the values used in this study, the checking of this condition is positive.
In Fig. 5 we have represented the squared modulus of the amplitude of scattering for the scatterers structure shown at the bottom of this figure and in the condition of semi-infinity substrate. The series is truncated and only the first K air;air operator applies. Fig. 6 shows jF j 2 for three finite substrate cases. The substrate thickness, d, takes three values: 300, 400, and 500 lm. The incident beam has been modelled in the previous subsection. In these figures we can see the dependence of maxima and minima of the far-field pattern with the wafer thickness. This dependence is due to the interference phenomena related to a Fabry-Perot behaviour associated with the thickness of the wafer. By adopting an angular spectrum point of view the understanding of this behaviour is easier. The incident field is a linear combination of plane-waves travelling in various directions. Each one is affected by scattering processes in the arrangement and reflection processes in the back side of the wafer. Changing the wafer thickness implies the modification of the reflection processes, because the reflection coefficients of the layer are altered (the optical path inside the wafer is different changing the phase). On the other hand, by varying the thickness of the wafer, the portion of the spatial-frequency spectrum arriving again to the arrangement of scatterers will also change, modifying the far-field pattern. Therefore, the far-field pattern will show a dependence on the wafer thickness, even since the first order approach. In the analyzed figures (see Fig. 6 where the gray levels are the same for the three figures) we have plotted patterns showing different contrasts between maxima and minima. However, the locations of maxima and minima and general structure of the pattern are not strongly affected by changes in the thickness of the wafer. This general structure is also preserved for the case of infinity thickness (Fig. 5) , and it is primarily related with the geometry of the arrangement of scatterers.
Another noticeable dependence is the variability of the pattern with the beam spatial spectral content for a constant thickness. In Fig. 7 we have represented the variation in jF j 2 with respect to the spatial-frequency content of the beam, that depends on the beam waist width, x 0 . The reason for this difference is that the spectral content is driven by the value of the waist: the bigger the waist, the narrower the angular spectrum of the beam. If the content of plane waves are not the same, it means there are some plane waves with significative amplitude in one of the beam which are not present in the other. Therefore, the interference between the scattered waves must be different from one pattern to another. 2 when the beam waist, x 0 , is two times the wavelength whereas in the picture on the right the waist is equal to the wavelength. The maxima and minima are reinforced or weakened depending on the spatial spectral content of the beam, i.e., the number of plane waves whom is composed.
Conclusions
We have studied the influence of the wafer thickness in the field scattered by an arrangement of thin metal layers deposited on the wafer. The approach developed here is based on an operator formalism, properly designed under reasonable hypothesis. The method allows the quantitative estimation of the importance of substrate thickness on the spatial structure of the scattered radiation in the far field. The hypothesis about the characteristics of the metallic structures and their fulfilment has been specifically analyzed and checked for the case treated here. The example corresponds with the case of metallic structures written with e-beam lithography and used for a variety of applications in the infrared (frequency selective surface, antenna-coupled detectors, etc.). The main effect we have modelled is the dependence of the scattering pattern with the wafer thickness. We have calculated these patterns using the previously mentioned operator approach until the first order approach. Successive terms of the series can be taken to refine the results and study in more detail the scattering pattern. From the obtained results we have checked that the maxima and minima of the jF j 2 on a constant z plane can be enhanced or reduced depending on the wafer thickness. However, the general structure of the pattern is related with the geometry of the scatterers and their interaction with the incident beam. Therefore, this general structure is not strongly affected by the wafer thickness. Dependence with the spatial spectral content of the field has been also analyzed. From a comparison between the infinite thickness case and the rest it can be concluded that the finite layer is responsible of interference effects in the far-field pattern that modifies the contrast of the irradiance pattern in the far field remaining the structure basically unchanged. This result justifies some previous findings of other authors where the wafer thickness effect is neglected [2, 6] . On the other hand, the evaluation of the far-field distribution may be used to obtain, by a balance equation, the energy actually absorbed by the metallic structure. This could be of particular importance when evaluating the energy coupled to optical antennas structures.
